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Global Existence in L' for the
Generalized Enskog Equation

Jacek Polewczak'?
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Various existence theorems are given for the generalized Enskog equation in R*
and in a bounded spatial domain with periodic boundary conditions. A very
general form of the geometric factor Y is allowed, including an explicit space,
velocity, and time dependence. The method is based on the existence of a
Liapunov functional, an analog of the H-function in the Boltzmann equation,
and utilizes a weak compactness argument in L.
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1. INTRODUCTION

In this paper I prove various existence theorems for the generalized Enskog
equation in three dimensions. Until now, only one-dimensional and
near-vacuum global results have been known, or results with unphysical
simplifications of the scattering operator. The main results of this paper are
contained in Theorems 2.1-2.3. 1 solve the Cauchy problem for the general
Enskog operator by extending arguments first introduced by DiPerna and
Lions." Due to the many forms of the Enskog equation that are known
in the literature, I provide below a brief summary of the subject.

The Enskog equation, proposed in 1921 by Enskog'® to take account
explicitly of the finite diameter of molecules, is a successful kinetic model
of a dense gas consisting of hard spheres. The revised Enskog equation can
be derived from the BBGKY hierarchy by computing the reduced
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N-particle distribution function from a special grand canonical formalism,
and by imposing a suitable closure relation for the two-particle distribution
function (see Van Beijeren and Ernst,”®’ Resibois,” and Karkheck and
Stell™ for a recent derivation using the maximum-entropy approach). The
result is
(—aj—p +v éjf =
of ox

where f(1, x, v) is the one-particle distribution function with >0, x, ve R?,
and the collision operator E(f) is defined by E(f)=E*(f)— E~(f) with

E+(f)=HR3XSZ Y(x, x — ac, n)

x f(t, x,v") f(t, x —ae, w'){e, v—w) de dw (1.2a)

E(f) (1.1)

E’(f)=HR3XS2 Y(x, x + ae, n)

x f(t, x,v) f(t, x + ae, w)le, v—w) dedw (1.2b)

Here, a denotes the hard-sphere diameter -, - > is the inner product in R?,
ceS? ={eeR® |g/=1, {v—w, ey >0}, and the velocities after the colli-
sion v’ w' are given by

v'=v—¢ele,0—w), w=w+elgv—w) (1.3)

The function n(z, x) = [ f(1, x, v) dv is the local density of the gas.

The way in which the geometric factor Y depends on x, x &+ ae, and n
gives rise to the different models of the Enskog equation found in the
literature. In the original Enskog equation Y is given in terms of the equi-
librium pair correlation function g,, which depends on the local density
only at the point of contact, ie., Y= g,(n(f, x +3ac)). In the revised
Enskog equation, Y arises as the pair correlation function g, for a system
in which, at any time, the only correlations are due to the excluded volume
of the spheres. In particular, there are no correlations between velocities in
the system. In this case one can write Y(x, x & ae, n) = g,(x, x + ae|n(t)),
where the notation A(x|n(z)) means that the quantity A(x) is a functional
of the local density n(x, t). The term “revised” points to the fact that in the
revised Enskog equation g, corresponds to an inhomogeneous rather than
a homogeneous equilibrium state. In terms of the formal Mayer cluster
expansion, g, has the form®

g2(xy, x2n(1))

© 1
:912{1+k§3mjdx3---dekn(3)-.-n(k)V(12|3---k)} (1.4)
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where n(k)=n(t, x;), x,€R® V(12|3---k) is the sum of all graphs of k
labeled points which are biconnected when the Mayer factor f,=0,,—1
is added, 6,,=6(]x, — x,| —a), and 0 is the Heaviside step function.

Particular choices of the geometric factor Y in the original and the
revised Enskog equation give rise to important differences between these
two equations. The revised equation has an analog of the Boltzmann
H-theorem. Indeed, Résibois® showed that H(z) given by

H(t)=' Y, [dI™ p\(1)logIN! pa(1)] (15)

is nonincreasing in ¢ >0, where p,(7) is the approximate N-particle dis-
tribution function, and that (at least formally) the revised Enskog equation
drives the gas confined in a box with periodic boundary conditions toward
the absolute Maxwellian.

The function H(t) given in (1.5) can be rewritten in the form (ref. 4,
p- 600)

H(t)=j St x, v) log f(¢, x, v) dv dx + H*(?) (1.6)

where f(z, x, v) is the solution to (1.1), and the potential part H"(¢) is given
in terms of Résibois’ grand canonical formalism, but, unfortunately, not
explicitly in terms of f(¢, x, v) and Y. This inability to express H® explicitly
in terms of / and Y has been one stumbling block in obtaining an existence
theorem for the Enskog equation. I shall show in Section 2 that this
difficulty in utilizing the H-function can be overcome.

Finally, the revised Enskog equation has a set of collision invariants
that, as in the case of the Boltzmann equation, correspond to the conserva-
tion of mass, momentum, and energy on the macroscopic level.

The plan of the paper is as follows. In Section 2 1 derive basic iden-
tities for the problem and state the main existence results. In Section 3
I state and prove a convergence theorem for approximate solutions. The
convergence theorem, as stated in Section 3, equally applies to the revised
Enskog equation, the Boltzmann equation, and the Boltzmann—Enskog
equation (Y =1). This result unifies the process of solving Enskog-like {or
Boltzmann) equations through the use of a single Liapunov functional and
is a generalization of the DiPerna-Lions method developed for the
Boltzmann equation. In Section 4, after deriving a priori estimations for the
approximate solutions of the truncated Enskog equation, I show that the
assumptions of the convergence theorem are satisfied in the several cases
covered by Theorems 2.1-2.3, thus completing the proof of the existence
theorems stated in Section 2.

822/59/1-2-30
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I end this section with a brief review of known existence theorems for
the original and revised Enskog equation (see ref. 7 for a more detailed
review). The first local in time existence theorem was obtained by
Lachowicz.® A global in time existence theorem was obtained by Toscani
and Bellomo®’ in the case of a perturbation of the vacuum. I showed?’
that the solution obtained in ref. 9 is actually a classical solution to (1.1)
if the initial datum is smooth. Furthermore, the asymptotic behavior of
solutions was obtained in ref. 10. All of the above results deal with the
original Enskog equation, but with easy modifications can be extended
to the revised Enskog equation. Cercignani®® obtained global in time
solutions for small initial data in L' and Y=1.

The quoted results fall in either of two categories: small initial data or
local in time existence results. For large initial data, Cercignani'!) obtained
global in time L'-solutions in the case of one space dimension and Y = 1.
Arkeryd"? considered the two-dimensional spatial case using a weak com-
pactness argument in L', however, with the range of integration with
respect to ¢ extended to the whole sphere S2, together with the assumption
that ¥ =1. Observe that the alteration in the range of integration to the
whole sphere S? has a significant effect on the dynamics of the Enskog
equation. In fact, the original Enskog equation and the revised equation,
with integration over S2, distinguish between forward and backward
(time-reversed) collisions, while the Boltzmann equation and the alteration
above, with integration over S?, are symmetric under forward and back-
ward collisions. Recently, Arkeryd"*’ has obtained a global existence for
Y =1 under the assumptions that the initial value is differentiable in x in
L! sense and has sufficiently high moments.

2. BASIC A PRIORI ESTIMATIONS AND FORMULATION
OF THE EXISTENCE RESULTS

I indicated in the previous section of the form of the geometric factor
for the revised Enskog equation. Due to the symmetry of g,(x;, x,|n(¢)) in
x; and x,, given by formula (1.4), the revised Enskog collision operator
has an analog of the H-function and a set of collision invariants corre-.
sponding to the conservation of mass, momentum, and energy. These two
properties play a fundamental role in the existence theorems presented in
this work. Below I state conditions for Y that will be used throught the
paper. They not only imply the properties of the revised Enskog collision
operator mentioned above, but also enlarge significantly the range of
possible choices for Y.

I consider Y to be an arbitrary functional of the distribution function
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f, as well possibly as an explicit function of the configuration space
variables. Following conventional notation, write

Y= Y1, xq, vy, X5, 0,1 A (1)) 2.1

where, for each fixed >0, A indicates an operator, possibly nonlinear,
acting on f, and | Af(¢) denotes the functional dependence of ¥ on Af(¢).
I will assume throughout the paper that A4 and |Af(¢) act in such a
way that Y in (2.1) is symmetric under the exchange of variables
X, 0] = X,, U;, and that Y is nonnegative for f > 0. From now on such Y
will be called symmetric. It is clear that with 4 equal to the zeroth moment
of the distribution function f, and functional dependence as in formula
(1.4), we recover the revised Enskog equation. With the same A, I
considered’® Y that closely resembled the original Enskog equation. In
that case functional dependence was such that Y reduced to a function of
the local density at x; and x,, ie., Y= Y(n(t, x,), n(t, x,)). In both cases
there is no dependence on velocities v, and v, in (2.1). Another model can
be obtained by choosing A to be one of the higher moments of f, or more
generally, to be of the following form: Af = { ¢(x, v) f(¢, x, v) dv. Here, for
technical reasons, ¢ must be such that |¢(x, v)| <const(1+ |v]|* + |x|*) for
some k < 2, ie., the second moment of f is not allowed as 4. An important
new generalization is obtained when one allows dependence on v, and v,
in Y. In this case Y, as given by (2.1), resembles the exact two-particle
correlation function for a hard-sphere gas. Equation (1.1) with Y given by
{2.1) can be rewritten in the form

o  of I -
5¢+Ua—E(f)=E (S)—E~()) (22)
with
EX(N) =[], | Ylx v, x—aew | 4f(2))

R3><SJr
x flt,x,v") f(t, x —ae, w){e, v—w) de dw (2.3a)
E- (=], |, Y(t.x v x+ae w4f(0))
R x 87
x f(t, x,v) f(t, x+ ae, w){e, v—w) de dw (2.3b)
Equation (2.2) constitutes a basis for more general kinetic theory (see

ref. 15; here, I consider only the hard-core potential). I will show that such
a generalized Enskog equation (2.2) possesses a Liapunov functional. This
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new result makes (2.2) more attractive in spite of the fact that the explicit
form of Y is unknown. Note that knowledge of the exact two-particle
correlation function and the one-particle distribution function is equivalent
to knowledge of the two-particle distribution function.

Finally, I give a last example of Y that is incorporated in the form
(2.1). Let W be a function from R* x (R*)*x Rx R into R. For a fixed
t =0, define Y to be

Y= W(ta X1, V15 Xa,5 Uy, Kf(t)(xl, Ul)’ Kf(t)(XZJ U2)) (24)

where K is an operator, possible nonlinear, acting on f. In this case 4 =K
and the functional dependence is reduced to the action on the arguments
of the function W. As in (2.1), W is such that Y is symmetric under the
exchange of variables x,, v; = x,, v,. The above examples indicate the
large set of possible choices for ¥ which can be incorporated in formula
(2.1).

Now I derive basic properties of (2.2). The first property of E(f) is an
analog of the corresponding identity for the Boltzmann collision operator.
Identities similar to (35)-(37) of ref. 4 together with the fact that Y is
symmetric imply that for i measurable on R?>x R* and fe Cy(R? x R?) we
have

URnga Y(x, v) E(f) dv dx

1

= D) s W) — ) Y a )

x f(¢t, x,v) f(t, x+ ag, w) Y(¢, x, v, x + ae, w| Af(¢))
x g, v—w) dedwdvdx (2.5)

Observe that, except for the velocity dependence in Y, (2.5) with
Y =log f(t, x, v) is identity (37) in ref. 4.

For f/ a nonnegative solution of (2.2), and ignoring at this stage any
integrability conditions, define

r(z):jL Jf(t,x,v)logf(t,x,v)dvdx—fll(s)ds (2.6a)
where
1 ,
I(')=§Jmkskasxsa [f(t, x—ae, w) ¥(t, x, v', x — ae, w'| Af(2))

— flt, x+ae, w) Y(¢, x, v, x + ag, w| Af (1)) ]
x f(t, x,v){e,v—w) de dw dv dx (2.6b)
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Now, multiplying (2.2) by 1+log f and integrating over (x,v)e R>x R®
gives
dlr’
E:fjmm E(f) log f dv dx — I(1) 2.7)
Next, using (2.5) with ¥ = log f'together with the inequality y{log y —log z)
2 y—z for y, z>0 yields
ar

—=<0 .
dt (28)

The inequality (2.8) shows that 77(¢) is a Liapunov functional for (2.2). I'(¢)
displays the dissipativity of the system governed by the gencralized Enskog
equation. It also can be considered as the analog of the H-function for
(2.2). Note that in the dilute gas limit, when (2.2) becomes the Boltzmann
equation, the function 7(¢) reduces to the Boltzmann H-function. Further-
more, I” is defined explicitly in terms of f(z, x, v) and Y, in contrast to the
H-function (1.5) [or (1.6)] obtained by Résibois.*’ Also, the fact that (2.8)
is obtained without differentiation with respect to x or use of the continuity
equation is crucial in the proof of the existence theorems. Indeed, the con-
tinuity equation used by Résibois'® (see also refs. 5 and 15) in obtaining
(2.8} for the original Liapunov functional cannot be applied to the various
approximations of the Enskog collision operator that are needed in this
work.

The last identity can be obtained by multiplying (2.2) by (x —v)?,
integrating by parts over x e R® and using (2.5) with iy = (x — tv)? along
with the equality

(x —t')* + (x + ae — tw')?
=(x—tw)+(x+ac—1w)=2atl{g, v—w) (2.9)
for x, v, we R, teR, a>0, e€S?, and v', w’ given in (1.3). The result is

d 2
E”mxm (x—t)* f(t, x, v) dv dx
= —at Hm3XR3XR3XSZ+ e v—w)? Y(t, x, 0, x + ag, w| AF(1)) f(1, x, )
x f{t, x + ae, w) de dw dv dx (2.10)
In view of (2.10), the functional defined by

é”(t)=HR3 G0 f(a, %, v) do dx (2.11)
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is another functional that indicates dispativity of the system. In the case of
the Boltzmann equation, a=0 and &(¢)=¢&(0) for all re R. Note that
(d/dt) &(t) <0 only for positive ¢ and nonnegative /. In addition, since
identity (2.10) is true only for the whole space problem, &(¢) may not be
nonincreasing in the case of bounded spatial domain with appriopriate
boundary conditions. Finally, since &(¢) is decreasing for all times, solu-
tions of (2.2), for the whole space problem, cannot approach an absolute
Maxwellian.

Identity (2.5) and inequality (2.8) are crucial in the proof of the
existence of global solutions of (2.2). One says that a nonnegative
SeLi,((0, T)x R’ x R) is a mild solution of (2.2) if, for each 0 < 7T < o0,

loc

E*(f)(-, x,v)* € LY(0, T) a.e. in (x, v) e R®> x R® and satisfies

FE %, 0 — [ (s, x, u)sz(f)# (tx.v)dr, O<s<t<T (212)

Here f*(t, x,v)=f(t, x + tv, v). Another definition of a solution, intro-
duced by DiPerna and Lions‘" for the Boltzmann equation, deals with the
notion of a so-called renormalized solution. One says that a nonnegative
feLl ((0, T)x R*x R*) is a renormalized solution of (2.2) if

loc

o EH )€ L0, ) R xR
and
élog(]—i—j”)%—t:ilog(l-l—f)=LE(f) (2.13)
ot ax Y

in 2'((0, c0) x R* x R*). One can show, in the same way as in the case of
the Boltzmann equation (see Lemma II.1 of ref. 1) that f is a renormalized
solution of (2.2) if and only if it is a mild solution and

—E*(f)eL;

1
1+f loc((oa T)XR3XR3)

Finally, let F*(t,x,v)=[5L*(f)” (r,x,v) dr, where L*(f) is
defined by E~(f)=fL7(f). If LT (f)eLl ((0, T)x R*xR*) for any

loc

T>0, then f is a mild solution of (2.2) if and only if f satisfies
f#(ta X, U)_f#(s7 X, D) exp{_[F#(t)_F#(S)]}

[ E* ()" (mxv)expl ~[FA ()~ F* ()]} dr  (214)

for any 0 <s<t< T and ae. in (x,v)e R*x R’.
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Before stating the existence results for (2.2), 1 impose additional
regularity conditions on Y. I start with several definitions. For M > 0 define
the set Dy ={feLR*xR*): f20, {[p.p(1+v7)fdvdx<M}. One
says that Y, given by (2.1), is bounded if, for each T>0, M >0, and
feD,, Y(t,x,v,x+as w|Af) is measurable in (¢, x,v, w,e)e [0, T]x
RxR*x R*xS2 =W, and sup,.p, {IYll 1205} < C(M, T)< co. Finally,
a symmetric and bounded Y is regular if there exists a sequence {Y,} of
approximations of ¥ such that the following conditions are satisfied:

(i) For each k=1, Y, is symmerric and bounded, and for each f,
g € DMa

H sup | Y.u(t, x, v, x + ag, w| Af)
Qkai (v,w) e By
te[0,7]

— Y, (1, x, v, x + ae, w| Ag)| dx de
<Cle, M, T || f— gll (2.15)

where B, = {(v, w)e R*x R*:v*+ w? <k} and Q,= {xe R* |x| <k}.

(ii) For any L'-weakly compact sequence {f;} = L'((0, T), D,,) with
the property that the set {|z @f, dv};°_, is compact in L'((0, 7) x R*) for
each ¢ € L*((0, T) x R’ x R?), there is a subsequence {f, } such that
Y (t, x, v, x tae, w| Afy (1) == Y(L, x, v, x L ag, w| Af(1))

i— 00
ae. in t,x,v,we (2.16)

Assumption (2.15) guarantees the existence of solutions for a suitable
truncated problem that will be considered in Section 4. On the other hand,
pointwise convergence in (2.16) is needed in the proof the convergence
theorem given in Section 3.

Note that there exists a large class of Y that are regular.
Indeed, Y defined by (2.4) with K={¢(x, v) f(z, x, v) dv and [§(x, v)| <
const(1 + |v|*+|x|*) for some A<2 is regular if W in (2.4) is any
L>-function that is symmetric. To see this, it is enough to notice that by
Lusin’s theorem, W R, can be pointwise approximated by C* functions
W, . Here, R,, applied to each argument of W, is the radial retraction, ie.,
R(r)=r for r<k and R, (r)=k(r/|r|) for r>k. Since |R(r,)— Ru(r,)| <
2{r; —r,| for any k > 1, one easily obtains condition (2.15) for W, with the
operator K replaced by K,={, <i#(x, v)f(t, x,v)dv. Finally, since
Ri(r) ——=— r and 1<2, we obtain convergence in (2.16). In particular,
the above argumenis also imply that Y considered in ref. 14, ie, Y=
Y(n(1, x,), n(t, x,)) with ¥ measurable, bounded, and symmetric as a func-
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tion of two variables, is regular. Furthermore, the operator K considered
above can be replaced by any weakly compact linear operator in
L'(R*x R*) (see Chapter 9 of ref. 16 for more details on weakly compact
operators).

Also note that with the notation as in (1.4) and for any i >3

Y=

|
0,5 {1 +k§3(k—_‘2—)!-de3 -~-dekn(3)---n(k) V(12|13 k)}‘
(2.17)

is regular. At this time I do not know if the same is true for i = co.

Theorem 2.1. Suppose that Y is regular and f, > 0 satisfies
ﬂ (1+ 02+ x2 + [1og fol) fo dv dx = Cy < o0 (2.18)
RIx R}

If either (1) T'>0 is arbitrary and | fol Lig3x &3 is small enough or
(2) T> 0 is small enough, then there exists a mild solution f(z, x, v) of (2.2)
such that lim, 4+ f(t, x, v) = fo(x, v) ae. in (x,v)e R* x R*.

Another important existence result can be obtained if the scattering
kernel {&, v—w) in E(f) is replaced by

Xy X L& v—W) (2.19)

where g, is the characteristic function of the set {(¢, v, w)e % x R’ x R*:
(e, v—w) =y} and y >0 is arbitrarily small. From a physical point of view
it means that we eliminate collisions (called the grazing collisions) that
result in small changes of v' and w’ as compared with their precollisional
values v and w, respectively. Note that a similar cutoff has been common
in the case of the Boltzmann collision operator. Indeed, the restriction of
the deflection angle 6 to 0<0<n/2—v for some small y>0 results in
elimination of the grazing collisions. Note, however, that the angular cutoff
in the case of the Boltzmann equation was needed to handle a singularity
resulting from an infinite range of interactions of the inverse power poten-
tials. Here, since we consider only hard spheres, such a singularity does not
appear. For technical reasons, however, we still need the truncation as in
(2.19).
We have the following result.

Theorem 2.2, Suppose that Y is regular and f, > 0 satisfies (2.18).
Then for any y>0 there exists a global in time mild solution of the
generalized Enskog equation with the scattering kernel given in (2.19).
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The final existence theorem deals with the case of Y considered in
ref. 14:

Theorem 2.3. Suppose that Y is regular and f; > 0 satisfies (2.18).
In addition, assume that Y= Y{(n(s, x,), n(t, x,)) with Y measurable,
bounded, and symmetric as a function of two variables has a compact
support as a function of two variables. Then there exists a global in time
mild solution f(z, x, v) of (2.2) such that lim, , o+ f(2, x, v) = fo(x, v} a.e. in
(x,v)e R*x R>.

Theorem 2.3 also holds for bounded spatial domains with periodic
boundary conditions. In this case it is convenient to include boundary con-
ditions in the definition of the spatial domain by considering 2 a three-
dimensional torus, ie, 2=R*/Z>* Mild and renormalized solutions of
{2.2) in this case are defined in an analogous way as in the whole-space
problem.

The proofs of the above theorems, provided at the end of Section 4,
are based on the convergence result given in Section 3 (Theorem 3.2) as
well as on the a priori estimations for the approximate solutions derived in
Section 4.

3. CONVERGENCE OF APPROXIMATE SOLUTIONS

The process of solving (2.2) is divided into several steps. The idea is
to find a suitable truncated version E, of E for which (2.2) can be solved
for each n= 1. The E, should retain all basic properties of E, in particular,
identities (2.5)—(2.7) together with inequality (2.8). In this section I show
that under a certain condition [see (3.9)] on the Liapunov function (2.6),
a sequence of solutions to the truncated Enskog equation converges to a
mild solution of (2.2). Later, in Section 4, I actually prove that (3.9} is
satisfied in the several cases covered by Theorems 2.1-2.3.

Consider a nonnegative solution f, to the initial value problem

0 )
Lo T B f) = B )~ Ey () 10 % 0)=fals,0), 0<<T
(1)

E, is defined to be the Enskog operator on the right-hand side of (2.2) with
{¢, v—w) replaced by (g, v —w>x W,. The Y appearing in E* and E~
of (2.3a) and (2.3b) are replaced by Y, x X, [x*+ (x—ae)*] and
Y x X [x*+(x+ae)*], respectively, where XZ(z)=1 for |[z]<n?
and XF(z)=0 otherwise. Here Y =Y, (¢, x, v, x +ag, w| Af,(¢)), where
Y, is symmetricc bounded, and satisfies (2.16). Finally, W,=

n H
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[cos B(1/n +cos B) ] ,, where y,=1if v>+ w?><n and y, =0 otherwise,
and cos 0 =<v—w, e>/lv—wl.

In order to obtain a priori estimations for the solution f,(t, x, v) of
(3.1), [ assume throughout this section that f,, is a smooth and nonnegative
solution with the initial value f, > 0 satisfying

H (14 0%+ x2 + llog folx, 0)l) folx, ) dvdx < Co< o0 (3.2)
R3Ix R}

The first a priori estimations are the following conservation laws, which
follow from (2.5) with ¢y =1, v, v™:

ﬁ - Jalt, x, v} do abc:”R3 N Jolx, v} dv dx (3.3)
ﬂm » of (1, x, v) dvdx = HRS N vfo(x, v) dv dx (3.4)
ﬂRB (6%, v) do dx= | La  fal o) do dx (3.5)

Next, using (2.10) together with the Cauchy-Schwarz inequality applied to
”m p <x\/]7,,, v\/f,) dv dx

gives, uniformly in n 21,
sup H Xflt, x, v)dvdx < C,
1e[0,77 7Y R x R

where C, depends on T, on (f .  x’fodvdx, and on [{z, z (1+07)
Sfo dv dx.
Combining all the above, one has for initial data satisfying (3.2)

sup ﬂ (1402 +x2) f(t, x, v) dvdx < C; (3.6)
1e[0,7] " R¥x R?
n=1

where C, depends on T and f,.
Let 17(r) be defined by

1
() e s -
L (t) T2 ffj-[RsxR3xR3xSi Sult, X F az, w)
X YTXTL.(t x,v){e,0—~w) W, de dw dv dx (3.7)
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Then, integration of (2.8) with respect to ¢ yields

~

Jf St x, v)log™ fo(z, x, v) dv dx+j I7(s)ds
R3Ix R3 0

”

< ” Sty x, 0)log™ f,(1, x,v) dv dx+f I7(s)ds+E, (3.8)
R3x R? 0
for all te [0, T], where

Ev={[  follog fil v dx
R3x R3
log®(z) = max{ +log(z), 0}

Next, use of the inequality zlog(z/y)> —y with y=exp(—x?—v’) and
z = f, together with estimation (3.6) shows that the first term on the
right-hand side of (3.8) is bounded uniformly in » > 1 and te {0, T']. Since,
by assumption (3.2), E, < co, one obtains that

~

sup jJ 1At x, 0)log™ £.(1, x, v) dv dx

0<I< T ROx R

is bounded uniformly in n =1 as long as

T
sup f I (s) ds < C(Cy, T) < 0 (3.9)

nz=1"%0

Summarizing all the above, it can be concluded that, for initial data satisfy-
ing (3.2), bound (3.9) implies that

sup ” (1+ 0%+ x2 4 |log £,(1, x, v)]) fult, x, ) dv dx < Cy  (3.10)
te[0,T] VY RIxR3
nzl

where C; depends only on T and f;.

Estimation (3.10) places the Enskog equation (2.2) in the framework
of the DiPerna-Lions method developed for the Boltzmann equation.
Observe that condition (3.9) is superfluous in the case of the Boltzmann
equation. Indeed, a=0 and Y =1 imply that I (r}=17 (1) [ie, {,{t)=01n
(2.6b)] for te [0, T] and n=1. Hence the bound (3.10) can be obtained
directly from inequality (3.8). In fact, in the case of the Boltzmann equation
we also have Y=Y,=Y_ =Y =1.

Note that for Y independent of velocities, and for the Enskog equation
with integration with respect to ¢ extended to the whole sphere S7, the
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Liapunov functional I(¢), given in (2.6a), reduces to the Boltzmann
H-function. Indeed, integration over the whole sphere S? implies that I(t)
defined in (2.6b) vanishes, i.e., I(¢)=0. Thus, in this case, too, condition
(3.9) does not play any role and this equation, except for the multiplicative
factor Y, is equivalent to the Boltzmann equation.

Also remark that in the case of one space dimension condition (3.9} is
satisfied (see ref. 14, p. 169) for any Y that is bounded.

Finally, observe that if one knows that the local density n(¢, x) is
bounded, then condition (3.9) is always satisfied. In spite of the fact that
finiteness of n(¢, x) is expected for the system of hard spheres, it is not clear
that this indeed is a property of the generalized or the revised Enskog
equations.

Next, I show that condition (3.9) implies also an important gain—loss
estimation. This estimation, together with (3.10), is fundamental in
applying the weak compactness argument to the Enskog equation. First,
one has, for each M > 1,

ESDSM[[ YK f (0% 0) £t x = ae, w) e, v—w) W, de diw

1
log M

+ a(f,) (3.11)

where

alf)=[{ VX S x ) St x — g w)
fn(t, X, U,)fn(t, X —asg, W,)
[t x, 0) f,(t, x —ag, w)

Multiplying (3.1) by 1 +log f,, integrating over (x, v)e R*x R®, and using
(2.5) with  =log f, gives

[, fxoogscxvddx=[]  flogfydvas

R3x R}

X

log

(e, v—w) W, dedw

:jo Hmkg o ) dedw do i ds (3.12)
for '
W= =5 Yo Xy ol %) fols,x—ae, w)

fn(s9 X, U’)fn(sa X —ae, W,)

fn(sa X, U)fn(s’ X —as, W)

x log e, v—w) W,
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The inequality z(logz—log y)>z—y implies that for A*(f,)=
max{h(f,), 0} one has

T
Hm h*(f,) de dw do dx ds<supj I7(s)ds (3.13)
[0, T x R¥x R¥x R®x §2 n»1v0
Finally, (3.2) and (3.10) imply that the left-hand side of (3.12) is bounded.
Hence, for 47 (f,) =max{—h(f,), 0}, one has

jﬂﬁ[o B B B 87 h=(f,) de dw dv dx ds < const(Cy, C7)

Since

UI[O,T]XRsst al(fu) dv dx ds
:HJ”[O, TIx RO x R x R x 5% 207 () + h(f))] de dw dv dx ds

it can be concluded that under condition (3.9)

sup fla( /)l LU0, T) x R*x RY) & C(Cy, Cr)< o (3.14)

nzl

Inequality (3.11) is an analog of the gain-loss estimation for the
Boltzmann collision operator.!” Note that the first term on the right-hand
side of (3.11) is not exactly the loss term of £,(f,). Furthermore, in the
case of the Boltzmann equation, a( f,) in (3.11) is replaced by

walf)= [ | DA x0) fltx W)= £(0, %, 0) £t % )]

Julty X, V') [t x, w')
Jalts x,0) [, x, w)

Since a5(f,) >0 and identity (3.12) holds with 4(f,) replaced by —az(f.),
one obtains (3.14) for ay(f,) directly from (3.12). Similar simplification of
the gain-loss estimation is achieved for the Enskog equation with integra-
tion in ¢ performed over the whole S However, for the Enskog equation
with its full dynamics, (3.9) was needed in order to obtain a uniform
L'-bound on a(f,).

The last ingredient needed for convergence of £, to a mild solution of
(2.2) is a compactness result due to Golse ez al,"'”’ which applies to general
transport equations. Below I state a version directly applicable in the
present setting (see Corollary IV.1 of ref. 1).

x log B0, v—w)dedw
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Lemma 3.0. Suppose that f,, g, L..((0, T) x R? x R?) satisfy

loc
aof, o
T f & - 3.15
S E i rel=g, (3.15)

in 2'((0, T)x R*x R?), and for each compact set K of (0, T)x R*x R,
the sequences {f,} and {g,} are weakly compact in L'((0, T) x R* x R®)
and L'(K), respectively. Then for all @eL'((0, T)x R*x R*) the set
{({mofndv}={{r T, 'g,dv} is compact in L'((0, T) x R?).

In other words, the velocity averaged operator T, ' behaves in a
similar way to the inverse of an elliptic operator. Recall that 7, ' may be
singular only on the set of the characteristic direction. Velocity averaging
compensates for the lack of regularity in the characteristic direction of the
hyperbolic operator T,.

Finally, the following simple lemma will be used in the proof of
Theorem 3.2 (see Theorem 4.21.10, p. 279 of ref. 16).

Lemma 3.1. Assume that g, and A, are measurable on 2= (0, T) x
R3x R®. We have:

(i) (sh,g,—[shgif g,—~g weakly in L', sup,., [h,| .~ <o, and
h,—hase.

(i) fsh,g,— s hgif h,— hweaklyin L', g, — g strongly in L', and
SUP > 1 (1]l e < 0.

Theorem 3.2. Let {f,} be a sequence of nonnegative and mild
solutions of (3.1) with the initial value f, satisfying (3.2). In addition,
assume that the following are satisfied:

(i) sup,sifq¢ I, (s)ds<Cr<oo, where I} (s) is defined in (3.7)
(1) Sup,cro.rinz1 [frox s 102+ X7+ |log £,(1, x,v)| 1/,(5, x, v) dv dx
<Cr< oo
(iii) For each n>1, f,e L=((0, T) x R*x R?)

Then there exists a subsequence {f,} converging weakly in L'((0, T) x
R?x R*) to a mild solution f of (2.2).

Assumption (i) of Theorem 3.2, ie., condition (3.9) imposed on the
Liapunov functional I'(¢), was essential in deriving the a priori estimation
(3.10) for smooth solutions of (3.1). Due to the form of E, in Eq. (3.1), a
solution f, of the truncated problem may not be necessary smooth. In
Theorem 3.2 we start with a mild solution of (3.1) and assume (ii). In
Section 4 I will show how to derive (ii) from (i) for f, not necessary
smooth, and will prove (3.9) in the cases considered by Theorems 2.1-2.3.
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Conditions (ii) and (iii) also imply that for each n>1, EX(f,)el'n
L=((0, T) x R* x R?), thus making each f, a renormalized solution of (3.1),
as well as a solution of the exponential multiplier form (2.14).

Theorem 3.2 can be viewed as a stability result for the Enskog equa-
tion, as well as a convergence theorem for approximate solutions. As
opposed to the DiPerna-Lions work? for the Boltzmann equation, I do
not treat separately the cases for which the scattering kernel B(0, |v —w|)
is bounded integrable and unbounded nonintegrable, as a function of v —w
[B(6, [lv—w|)= (e, v—w) for the hard-sphere model].

The proof is preceded by several preliminary results. In the rest of this
section {f,} denotes the sequence (or subsequence) of nonnegative and
mild solutions of (3.1) given in Theorem 3.2 with properties (i)-(iii), 2 =
(0, x R*x R?, and X;=(0,T)x R>x By, where Bg={zeR* |z|<R}
for any R > 0. The proofs of convergence in (3.18) of the first proposition,
as well as convergence in (3.32) of the following proposition, utilize a
delicate argument based on the nonnegativity of f, and ¢. This is due to
the fact that in the Enskog collision operator one of the spatial arguments
18 shifted to x + as.

Proposition 3.3. The sequence {f,} is weakly compact in L'(X)
and there exists a nonnegative f such that

sup U [140v*+ x>+ log f(t, x,0)| ] f(t, x, v) dv dx < Clp< o0
te[0,77 VY RIx R}

(3.16)

In addition, for each ¢ with (14 |x|*+ |[v|*) "' pe L*(X) and 0<k <2,
one has

j}fn(p dv—;:Tfjﬁp dv in LY(0,T)xRY)  (3.17)

and
LE(f) === L*(f) in L'(Zp) (3.18)

n— oo

for any R>0, where

Lf(fn)zﬂ ) YEXEf(t, xLe, w)e,o—w) W, dedw

R3><S+

and

Li(f)ZHR3 o Y(t, x,v, x e, wlAf(2)) f(t, x + 5, w)e, v —w) de dw
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Proof. Assumption (ii) of Theorem 3.2 and the Dunford-Pettis
theorem (Theorem 4.21.2, p. 274 of ref. 16) imply that {f,} is weakly com-
pact in L'(X). Without loss of generality, one may assume that f,— f
weakly in L'(2), where 0< fe L'(X). By Fatou’s lemma

“ 3(1-1—1;24—x2)f(t, x,0)dvdx<CYy ae inte[0, 7] (3.19)
RIx R
Now (3.16) will follow if it is shown that

” 3f10gfdvdx<liminf”
R'xX R

n-> 0 R¥x R

f.log f, dv dx ae.inte[0, T]
3
(3.20)

However, since zlogz is convex, lower weak semicontinuity of
{f s ro flog f dv dx is equivalent to lower semicontinuity. Therefore, it is
enough to show (3.20) for f, converging strongly to f in L'(R>x R®).
In addition, because of (ii) of Theorem 3.2, one can further assume
that gf, — Bf in L*(R*x R?), where B=1+ |x|+ |v|. Since f,log™ f,<
Bf. +exp(—f), one sees that, by passing to a subsequence if necessary,
f.log™ f,— flog™ fin LY(R*x R*). Hence,

liminfﬂ3 3f,,logJ'f,,a’vdxgel-kﬂ3 flog™ fdvdx
n— 00 R°x R R

x R3

where ¢, =sup, 5, || 3. & f, 10g f,, dv dx. Fatou’s lemma applied to the last
inequality implies (3.20).

Now I prove (3.17). First, for each 6 >0 and R >0, assumption (ii) of
Theorem 3.2 and the fact that the range of ¢ is a bounded set imply that
the two sequences (corresponding to “+7)

1 + T y=x
{7 Bt Y2 Lo o=y W (321)
as weakly compact in L'(N) with N=(0, T)x R*x Bxx R’ x S2 . Here
(PESIt, x, w, &)= f,(t, x+ ag, w). By choosing the sequence in (3.21)
corresponding to “+” together with the fact that the integral [f 4, 52 de dw
is a bounded operator from L'(N) to L'(X), one obtains that for each
>0 and R>0 the sequence {E; (f,)/(1+6f,)} is weakly compact in
L'(Z ;). By taking the sequence in (3.21) corresponding to “—” one obtains
that the sequence {G,(f,)/(1+ df,)} is weakly compact in L'(Zy), where

Guf) =[], Ya Xy f(b % 0) folt, x—ae, w)e v —w) W, de dw
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Now the gain-loss estimation {3.11), together with bound (3.14), implies
that for each 6 >0 and R>0 the sequence {Ef(f,)/(1+0df,)} is weakly
compact in L'(XZ ).

Consider f%=(1/8)log(l + 6f,) for 6 >0 and observe that 0< f2< 7.
Thus, the sequence {f°}*_, is weakly compact in L'(X). Furthermore, f°
satisfies
0

ox

S 1
[
fn_1+5fn

in 2'((0, 0)x R*x R*). Therefore, Lemma 3.0 implies that for all
@€ L™(2) one has

0
Efﬁ +o E (/) (3.22)

Jf‘;(pdu—,—»Lf&(pdu in LY(0, T)xR*)  (3.23)
R e Jp

where f°, after passing to subsequence if necessary, is the weak limit of
{/°}. 1 claim that (3.17) follows for ¢ € L*(2) if it can be shown that

sup  sup || Sy — ol s mt) 55 O (3.24)
nzl 1e[0,7]

Indeed, since the norm is lower weakly semicontinuous, one obtains from
(3.24)
Hf-f(s“Ll(Z)g T sup liminf an_fi”Ll(R3xR3)W 0 (3.25)
1€[0, 7] n—oo
and

| foodo=| (fi=sDodot[ (fi=f)odo+| fodo (326)

R3

Now the application of (3.23)-(3.25) gives (3.17) for ¢ € L*(2). In order
to show (3.24), notice that

1
0<s—glog(1+5s)

log(1 + ds)
<S[<1 _T> X{:sR}:I+SX{s>R}

=5OR(0) + 5 (55 &) (3.27)

where O (6) ——5+ 0 locally uniformly in R and y, denotes the charac-

teristic function of 4. Next, assumption (ii) of Theorem 3.2 implies that

sup sup HRB Rsan{fan}d”dx”—_’O

R—-
nzl tel0,T]

822/59/1-2-31
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thus completing the proof of (3.17) for ¢ € L*(X). Finally, combination of
(3.16) together with the fact that 0<k<2 gives (3.17) for ¢ with
(L+[x[*+[o]) ! pe L*(Z).

Now I proceed to the proof of (3.18). First, observe that

ﬂ L YEPEfev—wydedw———— L*(f)  inL'(Z5) (3.28)
R x 87,
where Y = Y{(1, x, v, x + &, w| Af(t)). Indeed, since by (3.17) the sequence

{ﬂij,@ YA(PIf) [, v—-w)l dwdg}

is compact in L'(Z;), and the integrand above is nonnegative, one obtains,
after interchanging the order of integration and passing to a subsequence
if necessary,

H L Yifult,xtew)e,v—wHdedw ——— ¢g* aein(t,x,v)eZy
R xS,
(3.29)

for some measurable functions g*. On the other hand, using the same
argument as for the sequences in (3.21) gives

J‘J‘ )f(lejfn)<gav W>d8dW—'—> L (f) Weaklyinll(zk)
R3><Sz+ "=

Now, (3.29)} in combination with (3.30) implies (3.28).
Next, I claim that

ﬂ} \YEXEW,— YFI(PES,) (s o—w)dedw———0 inL'(Zp)
R )(Si n— o
(3.31)

By the convergence indicated in (2.16) and the definitions of XF and W;l
one has, for a subsequence if necessary,

|YniX3:Wn—Yf|—n:'oo—>0 a.e.int,x,v,w,s

As before [see (3.21)], the sequence {(P}f,){e, v—w)} is weakly com-
pact in L'(N); thus, the convergence in (3.31) follows from (i) of
Lemma 3.1. Now combination of (3.28) and (3.31) completes the proof of

(3.18). B
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Proposition 3.4. Forall R>0 and all 0<pe L*(2), one has

fRz Ey(f)o do——r L@Ei(f)(p dv  in measure on (0, T) x B,
(3.32)
In addition,
EX(f)t,x,-)eL"(R}) aein(f,x)e(0, T)xR?
and

[ - 7R3
H7E ()€ L™((0, T); L'(R’ x By))

Proof. 1 first prove (3.32) for E_(f,). Observe that (3.17) also
implies that

j oo s j Sfeds i L0, T)xR)  (333)

for ‘pn—n_T Y ae. in (1, x,v)e X, and

Vo
Slg L+ o] | Lo *
Indeed,
[ Sndo=[ fp—wydo+| fowa (3.34)

To show that the first term in (3.34) converges to 0 in L'((0, T) x R?), use
the same argument that was given in the proof of (3.31) [note that the
sequence {(1+ [v|) f,} is weakly compact]. Now, (3.17) completes the
proof of (3.33).

Next, because of (3.17)-(3.18), the sequence

1 +
{1 I NTARCAL ")}
with

Lo(f,,)zﬁR3 (U 1wD) (0, x + a5, w) de dw
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converges to

1
T+ L) -

Thus, for any ¢ € L*(2), (3.33) with

() pointwise a.e. in (z, x, v)e X

1

=mLI(fn)<0

l//n

implies that

1 —
T+ Lo(/,) fm E, (fo)odv
1 ) o 3
n 1+L0(f)jR3E (fledv  inLY((0, T)x R*) (3.35)

This completes the proof of (3.32) for E, (f,). Observe that so far use has
ot been made of the nonnegativity of ¢.
By the change of the variables (v, w) = (v', w') and ¢ = —¢, one has

[omra=] ([l L oV P2f) Wt o) decw) do
R R R ><SJr (3.36)

ae. in (¢, x,v)e 2. Here, ¢’ = ¢(t, x,v') and v'=v—e{e, v—w). Thus, the
proof of (3.32) for E;} (f,) will be reduced to the case of (3.32) for £, (f,)
if

H O YIXS (P Woe v—w) dedw
R><S+

n-— o0

——>H O Y (P [ )< e v—w de dw (3.37)
R3><Si ’

in L'(X ). But convergence in (3.37) follows easily by using arguments
very similar to those in the proof of (3.18). In particular, a crucial step is
the pointwise convergence of the sequence

{ﬁ3 QY (P ) e 0w de dw} (3.38)

which results from the nonnegativity of the integrand [see the proof of
(3.29)1].
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Finally, convergence in measure in (3.32) implies that E*(f)}{(z, x, - ) e
L'(R?) ae. in (£, x)e (0, T) x R*. The last inclusion follows from the non-
negativity of fe L'(X). |

The next two propositions show that f, the weak limit of {f,},
satisfies (2.12) and (2.14) with the equality signs replaced by inequalities.

Proposition 3.5. For all 0<s<t<T, f satisfies the following
inequality:

S x,v)—f#(s, x,v)exp{ —[F*(1) = F*(s)]}
>er+(f)# (,x,0) exp{ —[F*(t)— F*(t)]} de  (3.39)

ae. in (x, v)e R*x R®, where F*(t, x,v)=[, L*(f)* (7, x, v) dr.

Proof. Recall that f, satisfies the exponential multiplier form
(2.14) with E(f) replaced by E,(f,. By (3.18), the sequence
FZ(t,x,v)=[5 L (f.)* (t, x,v) dr converges to F*(r,x,v)=[sL*(f)*
(t,x,v)dr in C([0,T]; L, (R*xR?). In addmon the sequence
exp{ —[F7(t)— F7(s)]} is uniformly bounded by one and converges to
exp{—[F*(t)—F*(s)]} in L. (R*xR?), uniformly in 0<s<t<T.

Therefore, in order to prove (3.39), it is enough to show that for all 0< ¢ e
L*{0, T)x X)

I el B0 cnn
xexp{ — [F*(t)— F*(x)]} dr) dv dx ds di
<timint [ [ ] o([ £ (rn0)
xexp{ —[F*(t)— F*(x)]} dr) dv dx ds di (3.40)

Note that the right-hand side of (3.40) is bounded by 27 || f'|| .15
Next observe that

HRSX.«@ % <£’ EF ()7 (1, x, U)exp{_[Fn#(f)—Fn#(r)]} dr) dv d

:fﬂa o(t, s, x—w,v) EX(f,) G,(t, 7, x, v) dv dx dt
K] R¥x R3
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where
G, (t, 1, x, v)=exp{—[F.(t, x+ (t—1)v, v) — F (1, x, )]}, 0<G,<1
and G, ——— G pointwise a.e., with

G(t, 1, x, v)=exp{ —[F(t, x+ (t—1)v, v) — F(t, x, v)]}

Now consider the sequence fX=min{f,, R} for 0 <R<oc0. Since
fR<f,, the sequence {fX} is weakly compact in L'(Z). Because 0 <z —
min{z, R} <zy(. ) and {f,} is weakly compact, one also has

sup sup | f,—flliimcry —555 0 (3.41)

nz1 te[0,T]

Using the same argument as in (3.25) gives that f*——— fin L*((0, T);

L'(R?x R%)), where / R is the weak limit of the sequence {fX*}.
Define EX and E}(f) by

Ef:”R3 . Y, X SR, x,v) flt, x—ae, w)e,v—w) Wrdedw
(342)

E;(f):jb L YFXR N0 0) (s xat, W) 0w W ded
(343)

I claim that for a fixed R< oo, 0<s<t<T, and 0<¢pe L*({0, T)x2)
with ¢ = ¢(¢, s, x —1v, v), one has

lim j’ﬂm 3¢EfGndudxdr:jtﬂR3 BEL()Gdvdxde (3:44)
n— O x R x

5 5

Indeed, the change of variables (v, w) = (v, w') and ¢’ = —e combined with
similar arguments as in the proof of (3.18) leads to the following
convergence for 0<s<1<T:

H s o(t, s, x— ', V') Y Xz folt, x +as, w)(e,v—w)
R xS
x WgG, (1 1, x,0")dedw
— ﬁ o ot s, x—0', ") Y7 X f(1, x + ag, w){e, v —w)

x WeG(t, 1, x,0") de dw (3.45)
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in L'((s, t)x R*x R*). Since lim, _, ,, /X = f* weakly in L'(Z), the limit in
(3.44) follows from (ii) of Lemma 3.1. I am now ready to complete the
proof of (3.40). For a fixed R< oo and 0<s <1< T,

I oG, doax e

. r
lim inf J

H— 0 K

> lim | ﬂ GERG, dv dx dt

s YRR}

ZHf GE+(f)G dv dx de (3.46)

K R« R}

Since f®1f and E;(f)TE*(f) pointwise a.e. as R0, the monotone
convergence theorem, integration with respect to ¢ and s, and Fatou’s

lemma complete the proof of (3.40) and consequently the proof of Proposi-
tion 3.5. |

Corollary 3.6. For each 7>0 and ae. in (x,v)e R’ x R?,
E*(f)* e L0, T) (3.47)
Proof. For each T>0 and ae. in (x,v)e R*x R,
["E0* ds<oplr (M1 ] E7()* exp{~[F* (D~ F*(5)]} ds
But F*(s)<F*(t) ae. in (x,0)eR*xR® and for 0<s<r<7T. Since

F*(T)e L'(Xy) for any R> 0, inequality (3.39) completes the proof. ||

Proposition 3.7. Forall0<s<s<Tandae. in(x,0)eR*x R, f
satisfies the inequality

FH %0~ s w0 <[ E)* (x0)de (3.48)

Proof. Observe that, for all 0<s<¢< T and ae. in (x,v)e R*x R?,
1 satisfies

s  pow C(TESS) #_ N 4
N A N (e e e A R AN L

(3.49)

Using (3.18), the weak convergence of f¢ to f?, the weak convergence
of EX(f,)/(1+6f,) and hl=f,/(1+5f,) to some E; and h°, respectively,
yields for 0<s<¢r<T and ae. in (x,v)e R*x R?

PR 0~ 4 (s x o) = [ [EF* —W*LY(f)*1dr (350)

N
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By (3.24)-(3.25), f°* converges to / * in L*(R*x R*) uniformly in ¢ e [0, T].
Now, since

z
0<Z—m<52R+2X{Z>R}

and {f,} is weakly compact, one also has

B .
sup [ f—h I Lirix r3) < SUP lim inf || £, — hi“ LYR = R} ~350F ° 0
te[0,7] 1[0, T} n— o

(3.51)

Furthermore, #°1f as 6|07, and (3.48) follows from (3.50) by letting
5 —0% and using the monotone convergence theorem, if it can be shown
that

Ef <E*(f) aein(tx v)e(0, T)x R*x R (3.52)

The proof of (3.52) follows from (3.32). Indeed, after passing to a sub-
sequence if necessary, one has, for 0 << g e L*(2),

jR3E:(fn)§0dU §R3E+(f)(PdU
1+ Lo(f,) S 1+ Lo(f)

ae.in(t, x,v)el (3.53)

where Ly(f,) and Ly(f) are the same as in (3.35). Since

{wES (S e dv

< ®
AT A

the sequence

(i)

is weakly compact in L'((0, T) x R’). Therefore,

m CES0 gavdr< tim 22URP g ar

Lo(f) n—co 1+ Lo(f,)
_ ET(Ne
_mz T iad (3.54)
Since 0 < ¢ € L*(X) was arbitrary,
Es < E7) ae. in (4, x,v)e’l (3.55)

L+ Lo(f) ~ 1+ Lo(f)

Now (3.55) completes the proof of (3.52) and also the proof of
Proposition 3.7. |



Generalized Enskog Equation 487

Note that by (3.47), E*(f)* eL'(0, T), ae. in (x,v)e R*x R>. Thus,
(3.48) implies that E~(f)* e L'(0, T), a.e. in (x, v) € R* x R’. The function
f satisfying (3.39) can be called a supersolution of the exponential multi-
plier form (2.14), while f satisfying (3.48) can be called a subsolution of the
mild form (2.12).

I am now ready to prove the main result of this section.

Proof of Theorem 3.2. The function F#*(¢) defined in (2.14) is
absolutely continuous for almost all x, v, and dF */dt=L"(f)* ae. in ¢
By Propositions 3.5 and 3.7, /# is absolutely continuous in ¢ for almost all
x, v. Therefore, f# exp F# is absolutely continuous in 7 for almost all x,
v. Proposition 3.5 implies that

d
E(f# expF*)z2E"(f)* exp F* ac. in ¢, for almost all x, v (3.56)

Thus,
%f# = E(f)* a.e. in ¢, for almost all x, v (3.57)

Finally, for almost all x, v,

f#(z)—f#(s)zflE(f)#dr for 0<s<t (3.58)

Now Proposition 3.7 combined with (3.58) implies that f is a mild solution
of 22). 1

I end this section by indicating a certain continuity property of
t— f(t)e L'Y(R*x R?). This property has been observed by DiPerna and
Lions” in the case of the Boltzmann equation. From Eq. (3.49) it follows
that for 0<s<¢<Tand 6>0

t |

S (1) — f2*(s5)] 1 <| | d 3.59
IS0 =S O] |Tog2| d o 3)
Using (3.59) together with (3.24) gives that for each y > 0 there exists 1 >0
such that for |z —s| <t and uniformly in # > 1 one has

Hff(t)—ff(s)HLl(R3xR3)<y (3.60)

By passing to the limit » — oo in {3.60) and observing that a norm is lower
weakly semicontinuous, one can deduce that f# e C([0, T]; L'(R?x R?)).
Finally, using (3.16) and the fact that U(-)- is a jointly strongly continuous
group in L'(R> x R?), one easily obtains e C([0, T]; L'(R®> x R?)). Here,
(U(“Z)f)(t’ X, U) :f#(t9 X, U)'

E; (/)
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4. EXISTENCE AND PROPERTIES OF APPROXIMATE
SOLUTIONS

In this section I consider for each n > 1 the truncated Enskog equation

afn af‘n_ — + -
E‘*’Ua_x_gn(t’fn):(gon (tafn)_gn (t5fn) (41)

fn(os X, U)szn(x’ l)), O<[<T

Here,
fon = max {min{fo, n}, £ exp(—x?— vz)}
n

where f, is nonnegative and satisfies (3.2). Here p is a small, positive
constant determined later (see the proof of Theorem 4.4). Observe that
fon—fo in LY((0, T)xR*x R?) as n— oo and, for each n>1, f, €
L*((0, T) x R*x R?). Furthermore, £X(¢, f,) are EX(f,) [see (3.1)] with
Y replaced by

W)= [1 +1f £t % v) dv}l
nJps

1 —1
x [1+—j f,,(t,xiae,v)dv} x Y (42)
nJpRd

The explicit dependence of E, on ¢ (through Y*) has been suppressed in
the notation up to this point. However, for the purpose of identifying (4.1)
as a semilinear evolution equation, 1 have introduced the explicit ¢
dependence in &,(¢, f,,) of (4.1).

Note that &, is symmetric, bounded (see Section 2), and satisfies (2.16).
Thus, the convergence result (Theorem 3.2) also holds for the truncated
Enskog equation (4.1). I prove that if || foll 1z 22y 1S small enough, then
for each n= 1, (4.1) has a unique nonnegative solution satisfying conditions
(i)}-(iii) of Theorem 3.2.

I start with several definitions that set up (4.1) in the framework of a
semilinear evolution equation. Consider the operator 4f= —v-V,f in
LY(R*>x R?). Then A generates a strongly continuous semigroup U(t) in
LY(R*x R?). For M >0, recall the set D,, defined in Section 2,

DMz{feLl(R3xR3):f>O, H (140%) f dv dst}

R3x R}

Note that D,, is closed in L'(R>x R?). Now we can rewrite (4.1) with
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E(t, f)=6,t, f) in the form of a semilinear evolution equation in
L' (R*x R*)

SR AT=FU ), [O)=fp 0<i<T  (43)

Note that in (4.3) the subscript » has been suppressed in f and f;. One

says that a continuous function f from [0, T] into D, = L'(R*x R%) is a
weak solution of (4.3) if it satisfies

0= U(0) fo+ [ Ult=9) Fls fs) ds (44)

for 1€ [0, T]. The integral in (4.4) is the Riemann integral in L*(R’ x R?).
In the literature a weak solution of (4.3), defined above, is often called a
mild solution. Here, however, this name has been reserved for a different
kind of solution defined in (2.12). Observe that a weak solution of (4.3) is
always a mild solution. Indeed, it follows from the fact that, for each real
t, U(t) ! exists and is equal to U(—1), and f#(1, x, v} = (U(— 1) /)1, x, v).

There are many theorems that guarantee the existence of weak solu-
tions to semilinear evolution equations of the form given in (4.3) (see, for
example, Chapter 8 of ref. 18, and in particular Theorem 2.1, p. 335 of
ref. 18).

Theorem 4.1. With the notation as above and f,eD,, assume
that:

(i) U(r) is a strongly continuous semigroup in L'(R?xR?)
generated by 4, and U(¢): Dy, — D,,.

(i) F: [0, T]x D, — D, is continuous and there exists X> 0 such
that
£(t, f)— F(z, g)||L1(R3><R3)<K I/~ g”Ll(R3xR3)
for0<t<Tand f, geD,,.
(ii) For (4, /)e[0, T]1xD,,
S
lim 1nfz dist(f+ AF(¢, f); D)) =0
h— 0"
where

dist(f; Dy)= inf || /— gl L rdx &3

geDu
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which is the distance of f from D,,. Then there exists a unique weak solu-
tion f of (4.3) on [0, T'] for any 7> 0.

Note that assumption (iii), known as the Nagumo boundary condi-
tion, guarantees that a solution starting from f,e D,, stays in D,,.

Now it is easy to check that for each n>1 and with F(¢, f)=6,(1, f),
assumptions (i)-(iii) of Theorem 4.1 are satisfied. Indeed, it has already
been indicated that U(¢) is a strongly continuous semigroup in L'(R* x R?).
Since

(1 +Uz) U(t)f“Ll(R3><R3): (1 + Uz)f||L1(R3xR3)

one can deduce the second condition of (i). Next, using (2.15) and (4.2),
one easily obtains (ii). Note that K in (ii) depends on n and K— oo as
n — co. Finally, due to the form of & *(¢, f), one has for 1 >0 and feD,,,
f+hé& (1, f)=0 for small enough /4> 0; therefore, using (2.5) with =
1+ v? yields (iii).

Consider the following norm, introduced by Arkeryd,*’ in the context
of the Enskog equation:

If1e=[]  Tesssup (U(=0)/)t % 0) Tdodx  (45)

R¥x R 4e[0,T]
where f is measurable and ae. finite on (0. T)x R>x R’. Recall that
(U(—1t)f)(t, x,v)= f(t, x + tv, v). This norm can be used to bound the

integral in (i) of Theorems 3.2. Indeed, one has the following result.

Lemma 4.2. If f, is a weak solution of (4.1), then
T . Ci 5
| @ d< L (46)

where (ji =SUpP, =1 H@ni(sa fn)”Lw(W)'

Proof. First, by a simple change of variables x — x + sv, one obtains

fOTI,,i(S)dSSCi H [ sup f,(s, x+sv,v)]

RPx R} 0<s<T

X [JJIR3><[O st SE(s, x+s(v—w)+ae, w)

x (e, v—w) de dsdw:| dv dx 4.7)
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Next, following Cercignani®® (see also Arkeryd®), one has that for
fixed x, v, and w the Jacobian of the transformation (g, s) 5
y=x+s(v—w)+aeis +(a*{e, v—w))"'. Therefore,

T
j 1%(s) ds
0
Ci
<Seunle s L[l s st dyd |
a (eo)e RIx R} LYY R v (f0, 71x 8%)
Ci
< IAIE (48)

which completes the proof. |

By Lemma 4.2, in order to show that condition (i) of Theorem 3.2 is
satisfied, it is enough to prove that sup,., || f,llx<co. Note that
Arkeryd'® used the norm |-{|; to obtain an existence theorem for the
Enskog equation in the case of Y =const. Here, the weak compactness
argument is a main tool of the proof, and therefore ||| z is used only to
obtain additional properties of the solutions of the truncated problem (4.1).
Observe that the results of Arkeryd”? for Y = const cannot be extended to
the general form of Y considered here.

I proceed to two preliminary results on the sequence {f,} of
approximate solutions of the truncated Enskog-equation (4.1).

Proposition 4.3. Foreachn>1, f,e L™((0, T)x R*x R®).
Proof. First, note that
. 1 -t
@”:(t,/n)scl[w—j f,,(t,x,v)duJ
nJypR3

8 Jf Jalt, X, 0') fo(t, x — ae, w')<e, v—w) W, de dw
RSXSi_

=c |12 Aexnaw| g0 (49)

where

C,=sup sup ’|Y;(f,f)“4x(W)<°O

nzl feDy

with W=[0, T]x R’ x R*x R*x §2. To estimate the right-hand side of
(4.9), one needs the following integral representation of 0} (f), originally
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obtained by Carleman (p. 32 of ref. 19) for the case of the Boltzmann colli-
sion operator (a =0), but easily generalized to the present case:

Q;(f)(t,x,v)=j3f(z,x,u')f |w/—v’ll(1+%cos9>“l
% 1, f(t, x—a(w—v)(|o—v')", w)dE' dv'  (4.10)

where P, ;= {ze R’: {—v,z—v) =0}, dP' denotes Lebesgue measure on
P,.,,and y,=1if v"*+ w2 < n and y, =0 otherwise. Now, combination of
(4.2), (44), and (4.10), together with the Gronwall lemma, gives the
L*-bound on f,. This bound depends on » and becomes unbounded as
n—>o0. |

It is instructive to consider the corresponding truncated problem in
the case of the Boltzmann equation. Corresponding to (4.1), the truncated
Boltzmann problem is

%) 4)
Lo Dm0, ()= 0 ()= Qs (i 0% 0)=fanl0), O<i<T

with
1 —1
Q) (fu)= [1 +;jk3fn(z, X, v) dv}
x [ £t 0) £l x5 W) B, de dw
1 —1
Q. (fu)= [1 +;ij ft, x,0) va
x ([ Sltx0) £t x, w) B, de dw
and

B, =inf{B(6, |v—w|), n}

x |:cosz(9) <%+ cos? 9)1}

x inf{1, [v—w|""} x g,

where y,=1 if v+ w?<n and y,=0 otherwise. Here B(6, |[v—w|) is the
scattering kernel with the usual angular cutoff. For inverse power poten-
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tials, F(r)=r""° B(6, |lv—w|)=b(0)|v—w|*~ P with s>2. For the
hard-sphere model, B(6, lv —w|)=|v—w]| cos 8 = (v —w, ¢). The existence
theorems for the Boltzmann equation provided in this paper, as well as in
the original work of DiPerna and Lions,"’ cover all soft and hard poten-
tials; in fact, they hold for all B(8, v —w|)=5b(0) |v —w|* with —3<i<?2
and §S2+ b(6) de < 0. Note that a special form of B,(f, v— w) given above
is needed to show L*-estimation of the solutions of the truncated problem.
Indeed, with the notation as in (4.10), one has

([, Al o) 1t 5 w) B0, 1v—w]) de dw
R’ x 87

=JR3fn(t, x, v’)f Sults x, w')

Ev, v

x B,(0, |v'—w'|) Iw' —v'| 2cos 20 dE" dv'

Now, it follows that B, removes singularities in cos ™ @ and in |w' —v'| 2
thus enabling one to obtain the relevant L*-estimation for f,,.

)

Theorem 4.4. Suppose that either

2

I fonmsmm;é—,

or, uniformly in 7, the sequence {f,(¢)} is uniformly integrable. Then for
any a>0
sup || full e < Ca(fo,a, T, C7 )< 0 (4.11)

nzl

Proof. For fixed 0 <t < T and R > 0 define

min{f,(t, x — v, v), R}, o] < R
0, otherwise

S x, v)={ (4.12)

Consider the decomposition of f, into f, = f“" + 1%, where f*" = f, — f°".
In the case T =0 this decomposition has been introduced by Arkeryd."**) In
addition, define /" = f,(z, x, v) — f2°(t, x + tv, v) and f=f%

The idea of the proof is to show that there is a finite partition
O=ty<t;<t,< .-+ <ty=T with the property that for any 1 <i<N, the
norm || f,|l ; restricted to [¢; |, ¢,] is bounded uniformly in # > 1. For this
purpose define

Ugle=]  Tesssup (U(-0g)tx o) Tdvdy  (413)

tes,-1.4]
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Next, since for any i=z0 and n> 1,

o 1“f€r'||5< I foHLl(R3xR3)

it will be enough to estimate ‘*'|| f*%| .. Let us start the process of finding
the partition {¢;}. Using the nonnegativity of f,, (4.4), and changing
variables of integration, one has for any O0<¢, < T

e < ot [T Ssxw)

X fo(s, x +ae, w) e, v—w) y, de dw dv dx ds (4.14)

where y,,, defined in Section 3 [see Eq. (3.1)], makes the right-hand side of
(4.14) finite. Recall that for each n> 1, f, e L*(2). Using the decomposi-
tion f,=f“"+ f2° in the right-hand side of (4.14), together with the
change of variables v = w, ¢ > —¢, and x — ag — x, one obtains

1||fﬁ,‘0‘|5< HfOOH LYRx RY)
n
— b0 £b60 u0 50 u0| | u0
sl N IR T S VA P VAR PN
x {e, v—wW) ¥, dedwdvdxds
= /Pl 1w gty + PY+ Py + P (4.15)

where * denotes that the function is evaluated at the point (s, x + as, w).
For P one has the bound

32m2RY 1+ R) 1,

PO
! 3

C™ 1+ UZ)fOHLl(R3><R3)

Next,

12872R%(1 + R) 1,
3

PI< c- H(1+vz)f0HL1(R3xR3)

and using an argument very similar to the one used in (4.6)-(4.8), one
obtains
Cc-

P§<71!|fZOHZE

Using the inequality 0<z—min{z, R} <zy . ry» one can deduce that
I f%l L1¢&3 g3y cONVerges to zero as R — oo. Therefore, from (4.15) and the
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bounds for P?, k=1,2, it follows that there exists ¢, >0 small enough
for which sup,,.; || f“°| < B, < o0, and B, depends only on a4, fy€D,,,
and C~.

Now suppose that one has found ¢, for which sup, ., ‘|| f“*~'| < B;
< oo and 1;<T. I claim that it is possible to find ¢,< ¢, < T for which
sup,s. T S g < By ., < 0. Indeed, instead of (4.15), one has for any
tiz1€(t;, T]

L < HfSZ’HLl(R3x RY)

Lt
L4 RJ><R3><R3><52+

1

x e, v—W) y,dedwdvdxds
= | £ rgo x g3y + Py + Py + PY (4.16)

The bounds for P} are the same as for P} with k=1, 2, except that 7, is
replaced by (f;,, —¢;). Similarly, one obtains

. CT
P’3<—az*'“1|fﬁ"|\,25
Now, in the case when {f,(7)} is uniformly integrable, the inequality
0<z—min{z, R} <zy, z together with the fact that

I, R3(1+”2)ﬁzd”dx=ﬂ (1+0) fo dv dx

R3x R}

implies that || f[| 1k g3, cOnverges to zero as R — oo, uniformly in n> 1

and t,€ [0, T]. In the case when
2

‘ a
I foll 21 r3 < &%) <E‘_‘

by choosing p in the definition of f;, small enough [see (4.1)], one has

2
Lo 1w < —Y <Z£C—; uniformly in t,€ [0, 7] and n> 1

Therefore, we can find t,, >, with r,,  —1, small enough, for which
1) fun) o< B;L | < oo, where B, | depends only on a, foeD,,, and C".
This process can be continued until ¢, = T. Finally, the inequality

N

N
”anE< Z '||anE<NHf0||L1(R3xR3)+ Z Bi

i=1 i=1
completes the proof.

822/59/1-2-32
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The main result of this section is as follows.

Theorem 4.5. If || foll iasx 3y <@’/4C~, then the sequence f, of
solutions of the truncated Enskog equation (4.1) satisfies conditions
(i)-(iii) of Theorem 3.2.

Proof. Theorem 4.4 and Proposition 4.3 imply that conditions (i)
and (iii) of Theorem 3.2 are satisfied. The proof of (ii) of Theorem 3.2 is
divided into several steps. First, note that Eq. (4.4) implies

ﬂRB FU(=0 0 do dx
=C, +HR3 N Lt xX2U(—s) &,(s, 1.(8)) ds dv dx
=Co+ JO’ ﬂm - (x—s0)2 &,(s, f.(5)) dv dx ds (4.17)

where Co = [[ g3, g3 X*f dv dx < c0. Using (2.5) with i = (x — sv)* and (29),
we obtain that

sup sup ”m N (x—tw) f,dvdx < Cr< 0

nzl 1e[0,7T]

Next, by repeating the same argument as in Section 3, one can deduce that

sup sup Hm N xX*f, dvdx < C5(T) < o0 (4.18)

nzl rel0,T]

Furthermore,

T
tle,v—wY W, H (1, f,
af M. o= W8 1)
x fi(t, x, v) [,(t, x + ag, w) de dw dv dx dt
< Cy(T) (4.19)
Note that C,(7T') does not depend on n.

In view of Theorem 4.1 and the bound (4.18), it has been shown so far
that

sup  sup HRJ 404 2) [ 3 v) do de S C(T) <0 (4.20)

nzl 1[0, 7]
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In order to complete the proof of condition (ii) of Theorem 3.2, one needs
to have control of f, from below. Indeed, by multiplying Eq. (4.4) in its
mild form by 1+1log f,(¢)7 and integrating over X, one obtains

JAJR&RB LT% (fnlog f,)" dt dv dx
=W (&1, f.(t))[log f() + 1]} * dvdxdr (421)
Y00, 7] x R x R

Since, for each n>1, (f,)* e L*(2) and |[(1 +0*)(/,)* |15 < M, the
integrand on the right-hand side of (4.21) is integrable. However, in order
to obtain the equality

rd
J. 5 Unlog £))* dr
= (f,log fUT)* — (fo, log fou)* ae.in (x,v)e R*x R (4.22)

one needs the absolute continuity of (f, log f,)(¢)* a.e. in (x,v)e R®x R,
Of course, once one knows that Eq. (4.22) holds, one can combine (3.8),
Lemma 4.2, and Theorem 4.4 to obtain (ii) of Theorem 3.2.

Now, the absolute continuity can be proven by showing, for example,
that for n>1, and a.e. in (x, v)e R* x R, f,(1)* = c(n, x, v) >0, uniformly
in re [0, 7. Indeed, since log z is Lipschitz continuous for z>a >0, the
absolute continuity of f,(¢)* implies the absolute continuity (£, log f,)(z)*
ae. in (x,v)e R*x R To find a lower bound of f*, T proceed along the
line of arguments given in ref. 1.

I claim that for all e [0, T7]

Sfalt, x, 0) >§exp(—C,,t-— lx—tw]?—vH) =g, ae in{x,v)e R®*xR?
(4.23)

Since &, (1, f,)<C,f, on X, for some constant C, [the same constant
appearing in (4.23)], one can see that

o o

Xz > 1 ’ 3 3
S0+ C,£,20 in Z((0, T)x R x RY) (4.24)

Similarly, for g,,

Jg, 0%,
o U ox

+C,g,=0 ae nz (4.25)
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Now, since f,(0, x, v) = g.(0, x, v), inequality (4.23) follows from (4.24)
and (4.25). This completes the proof of (ii) of Theorem 3.2, and conse-
quently the proof of Theorem4.5. |

For arbitrary f, satisfying condition (3.2), one has the following result.

Corollary 4.6. If T>0 is small enough, then the sequence f, of
solutions of the truncated Enskog equation (4.1) satisfies conditions
(i)—(ii1) of Theorem 3.2.

Proof. Choose T'=1t,, where 1, is defined in the first part of the proof
of Theorem 4.4. It now follows that (4.11) is satisfied with T replaced by ¢,.
Next, identical arguments as in the proof of Theorem 4.5 complete the
proof of Corollary 4.6. |

Note that, since the weak compactness in L' implies the uniform
integrability, the proofs of Theorems 4.4 and 4.5 show that, for the
sequence f, of solutions of (4.1) given in Theorem 4.1,

sup | fulz< o= sup || flog f,(t, % 0)| £,(t, x, v) dv dx < 0
nzl te[0,7] YR = R?
nz=1

Proofs can now be given of the main results of this paper, Theorems
2.1-2.3.

Proof of Theorem 2.1. For f, satisfying (2.18), first solve the
truncated Enskog equation (4.1). In the case (1), Theorem 4.5, and in the
case (2), Corollary 4.6, show that conditions (i)—(iii) of Theorem 3.2 are
satisfied. Finally, Theorem 3.2 completes the proof. |

Proof of Theorem 2.2. 1t is enough to show that conditions (i)-(iii)
of Theorem 3.2 are satisfied. By Lemma 4.2, condition (i) will be satisfied
if it is shown that sup,.; || f,lz<oo. To do this, notice that, with the
notation as in the proof of Theorem 4.4,

Il e< N Ale+ BT Al e (4.26)

where the first term is the norm || f,| z restricted to [0, ¢,] and with ¢, the
same as in the proof of Theorem 4.4. Recall that 7, is such that
Sup,>1 ‘|| full g < 00. The second term in (4.26) is the norm | f, | ¢ restricted
to [¢,, T]. To estimate it, notice that

SO Ll s+ [ [ EF S dvdrds (427)

% R3
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The change of variables (v, w) = (v', w'), &' = —&, together with an applica-
tion of the integral form of (2.10) [with the truncated collision operator as
in (4.1)] imply that one can bound the second term on the right-hand side
of inequality (4.27) by C,/yt,, with C, independent of #. This completes the
proof that (i) of Theorem 3.2 is satisfied. Now one proceeds in exactly the
same way as in the proof of Theorem 4.5 to show that conditions (ii)—(ii1)
of Theorem 3.2 are satisfied. ||

Proof of Theorem 2.3. As in the proof of Theorem 2.2, it is enough
to show that (i) of Theorem 3.2 is satisfied. Now, using a very similar
argument as in (3.10) of ref. 14 gives that sup, ., fOT It(s)ds<oo. |

Note that the compactness of the support of Y assumed in
Theorem 2.3 can be replaced by a weaker condition on Y, already con-
sidered in ref. 14:

sup t¥(r,0)< (4.28)

1,020

Finally, Theorem 2.3 holds for bounded spatial domains with periodic
boundary conditions. Indeed, notice that for xe Q= R*/Z> one also has
71, x, v)=f(1, x + tv, v), where x+ v is understood modulo 1. In addi-
tion, the operator Af = —v-V, [ generates a strongly continuous group
(U(—=1) f)t, x,v)=f*(t, x, v) in L'(2 x R*). Observe that in this case the
explicit x* term appearing in condition (ii) of Theorem 3.2 (and also in
Sections 3 and 4) is superfluous.
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